We determined many functional representations of interparticle interactions between water molecules, all of which reproduce the experimentally measured density-temperature relation at 1 bar with an accuracy better than obtained by previous models. Numerous similar descriptions of pair interactions will be discovered increasingly in the coming years, which will help us to understand why solid water has polymorphic structures and why liquid water has a large number of anomalies. We used a self-consistent Ornstein-Zernike approximation (SCOZA) with a potential given by multi-Yukawa terms. Because any smooth potential function can be fitted by multi-Yukawa terms, the method can be applied to various types of fluids. We also present a new simple fitting technique that makes the application of the SCOZA to any type of liquid much easier compared to a conventional Yukawa fit. Our new SCOZA fitting technique is among the most useful methods for determining the pair interaction between molecules of any liquid, and the potential will be helpful in improving realistic models.
INTRODUCTION
The thermodynamic properties of liquid water can be derived by using thermodynamics and statistical mechanics if the interparticle interactions between water molecules are understood. However, the precise shape of the potential function is unknown. To estimate the interparticle interactions, we first consider the interaction between two water molecules. A water molecule is composed of one oxygen atom and two hydrogen atoms. The oxygen atom is made up of one positively-charged oxygen nucleus and eight negatively-charged electrons. A hydrogen atom is composed of one positively-charged hydrogen nucleus and one negatively charged electron. Therefore, one water molecule is made of 13 particles. Thus, we would be able to determine the interaction potential between two water molecules from the quantum mechanical wave function that describes this 26-particle system, which is not an easy task. Furthermore, in real water, a large number of molecules exist around the molecules under consideration. The surrounding molecules will affect the wave function. That is to say, many more particles than those of the system of two water molecules must be taken into account to obtain the interaction potential between water molecules in real water. Therefore, it would be impossible to describe the interaction realistically from the basic equations of quantum mechanics or some other physics.
Presently there are two methods that are often used to approximate the interparticle interactions between water molecules. In the first method, the positive and negative charges in a water molecule are treated as point charges and are located at fixed places near the oxygen atom. The oxygen atoms interact with each other through the Van der Waals force, and each charged particle interacts with those of different molecules through the electrostatic Coulomb force. The thermodynamic properties of a system composed of such molecules can be estimated by using molecular dynamics simulations or Monte Carlo methods [1] [2] [3] [4] [5] [6] [7] [8] .
A large number of models of this type have been put forward, and their predicted thermodynamic properties have been compared with experimentally measured data. Among them, the simple m-Water model [8] is known to reproduce experimental data most accurately. Although it is well known that the m-Water model produces a tetrahedral network, its reproduction of the experimental density anomaly is not so good. We explain below that it is not necessarily the same thing to produce a tetrahedral network and to reproduce the density anomaly. Furthermore, it does not seem to be so easy to elucidate the physics underlying the anomalous behaviors of liquid water. This is because a realistic model includes a great number of miscellaneous effects, even if it is highly precise and is able to reproduce experimentally measured data. In other words, all of the miscellaneous properties together would not induce the density anomaly, and therefore it is thought to be almost impossible to identify the direct causes of the density anomaly from them. In fact, none of the realistic models tells us anything about how and why the tetrahedral structure induces positive expansion at temperatures above 4 • C, but negative expansion below that temperature.
The second method was proposed to elucidate which shape characteristics of the interaction potential cause the density anomaly by assuming that the potential is given by a spherically symmetric function (simplified or core-softened model). A number of simplified (core-softened) potentials have been presented by different authors. These can be divided into two groups: one composed of a hard-core (HC) plus a purely repulsive tail, and the other composed of a HC plus a soft repulsion and an attraction. Models from both groups have presented us with many fruitful results about the anomalous behaviors of liquids. Although the shapes of the potential tails of both groups are quite different, both exhibit water-like anomalous behaviors (e.g., [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and references quoted therein). However, the simplified potential models presented so far have not been shown to reproduce quantitatively the experimental behaviors of liquid water with sufficient accuracy. This prevents the formation of conclusive explanations of the density anomaly because the thermodynamic properties of liquids depend strongly on the interparticle interactions. Here we present a simplified potential model that reproduces quantitatively the density anomaly of liquid water much better than the models proposed so far. Moreover, the model decisively explains the anomalies. A sophisticated model that reproduces experimental data with high accuracy can bring great progress to the solution of this problem.
We concentrate our study on the thermal properties of water in liquid phases. Our study is blind to freezing and, more generally, to the solid phases of the system (see e.g., [22] ), but it will give significant insight into the thermodynamic properties of water in these phases.
Here we report on our study of the thermodynamic properties of liquid water on the basis of statistical mechanics and thermodynamics by using the thermodynamically self-consistent OrnsteinZernike approximation (SCOZA). The SCOZA is known to describe the overall thermodynamics of liquids very well and provide a remarkably accurate critical point and coexistence curve. This scheme is entirely self-contained, which means that no supplementary thermodynamic or other input is necessary. So far, the SCOZA has been applied to the Yukawa, Sogami-Ise, square-well, triangle-well, and screened-power series potentials, and many useful results have been obtained (see [23] [24] [25] [26] [27] [28] and references quoted therein). Here we apply the SCOZA to our coresoftened models with a hard-core (HC) repulsion plus a tail. The tail is composed of a soft repulsion and an attraction. We will show that a number of tails can reproduce the experimentally measured density-temperature relation at 1 bar with sufficient accuracy. This will help us to understand the reasons why solid water has polymorphic structures and why liquid water has many anomalies.
In the next section, we present the SCOZA in a general form. Any smooth potential tails can be approximated with sufficient accuracy by multi-Yukawa terms. The SCOZA for a hard-coremulti-Yukawa fluid is described in Section 3. We next apply the scheme to some potential models in Section 4. In Section 5, we present a new simple fitting technique for any smooth function by multi-Yukawa terms, which makes the SCOZA much easier to apply to liquids with any smooth tail than the SCOZA with a conventional Yukawa fit. Section 6 presents the summary and discussion. We will elucidate the thermodynamic mechanism that induces the density anomaly in a following paper.
SCOZA FOR A FLUID
We consider a fluid of spherical particles with a pair potential given by an HC repulsion and some tail φ(r). The thermodynamic properties of the fluid can be obtained from the pair distribution function g(r) or the total correlation function h(r) = g(r) − 1. The Ornstein-Zernike (OZ) relation defines the direct correlation function c(r) in terms of the total correlation function
where ρ is a number density. Under a thermodynamically selfconsistent Ornstein-Zernike approximation (SCOZA), the closure relation is written as
where β = 1/kT, in which k is the Boltzmann constant and T is temperature. Equation (2) reflects the impenetrability of the hard cores, and the hard-sphere diameter σ u is used as a unit of length. The direct correction function c HS (r) of the hard-sphere (HS) fluid is given by
where K (1) (ρ) and z 1 (ρ) are known functions of the density ρ.
The function R(ρ, β) of the thermodynamic state of the system is introduced to satisfy the thermodynamic consistency condition between the reduced compressibility χ red and the excess internal energy u per unit volume. The condition is expressed as (see [23] and references cited therein)
∂ ∂β
The reduced compressibility χ red is given by
where c(k) is the Fourier transform of the direct correlation function. The excess internal energy u per unit volume is given by the integral of the interaction weighted by the radial distribution function:
The equations to be solved are the OZ relation (1) with the thermodynamic consistency relation (5) supplemented with the closure relations (2) and (3).
Here we apply the SCOZA to a fluid of spherical particles with a pair potential given by an HC repulsion and multi-Yukawa tails expressed as
where N is an arbitrary integer, and z n and a n are arbitrary constants. Here, the depth of the tail ε u is used as a unit of energy.
SCOZA FOR AN HC-MULTI-YUKAWA FLUID
Following Baxter's factorization method it can be shown that under certain conditions the OZ relation (1) is equivalent to the equations
where the factor function Q(r) has been introduced. To solve the Baxter equations with the SCOZA closure relations (2) and (3) for the multi-Yukawa tails (8), we can take advantage of the known analytic properties of the solution under the mean-spherical approximation [29, 30] . The factor function Q(r) has the form
The function Q 0 (r) in (11) is written as
for 0 < r < 1, where
Here,
and coefficients A 0 , B 0 , A 1 (n), B 1 (n), A 2 (n) and B 2 (n) are shown in the Appendix. The set of unknowns (Ĝ n , D n ) is obtained by solving the following system of 2N Equations (16) 
where
Here, x j =Ĝ j and
Unknowns ∂x j /∂u are obtained by solving the following linear equations:
. . . B(ρ, u) . The boundary conditions are the same as in Pini et al. [23] ; for ρ = 0 one obtains from (7)
If we make use of the so-called high-temperature approximation [32] at ρ = ρ 0 one obtains for reduced compressibility
The initial condition u(ρ, β = 0) can be determined by taking into account that for β = 0; the direct correlation function c(r) coincides with that of the HS gas. Thus, R(ρ, β = 0)a n exp (z n )/kT = 0, yielding D n = 0 for n > 1. The set of unknowns Ĝ 1 , D 1 is obtained by solving the following set of equations:
The unknownĜ k is obtained by solving the following equation:
for k = 2, 3, · · · , N and thus
The unphysical region inside the spinodal curve is determined by checking the sign of A(ρ, β) given in (13) ; in the forbidden region, A(ρ, β) becomes negative. The boundary conditions on the spinodal used here are the same as those in Pini et al. [23] 
where ρ S i (i = 1, 2) are approximations of the spinodal densities on the discrete density grid at a given temperature. Their values are determined by locating the change of sign of A(ρ, β). u S (ρ) is the value of the excess internal energy per unit volume where χ red −1 = 0. This value is determined by solving the following set of equations
with respect toĜ 1 ,
Once u(ρ, β) has been determined by solving (20) , the pressure P and the chemical potential μ are obtained by integrating (∂βP/∂β) and (∂βμ/∂β) with respect to β from
where at β = 0, we have taken as integration constants the Carnahan Starling values for βP and βμ
where η = πρ/6. Alternatively, βP and βμ can be obtained by integrating, respectively, χ red −1 and (ρχ red ) −1 with respect to the density from
In a manner similar to that described for the energy route, we have taken the Carnahan Starling values above as integration constants at β = 0. At ρ = ρ ls on the liquid side spinodal, however, we have taken the values of βP(ρ ls , β) and βμ(ρ ls , β) obtained from the energy route as integration constants. We have confirmed that both paths lead to the same thermodynamics with remarkable accuracy because of the thermodynamic consistency enforced by (5).
MODELS OF THE POTENTIAL BETWEEN WATER MOLECULES
The thermodynamic properties of liquid water are obtained from the excess internal energy u given by Equation (7). The equation shows that there will be many different combinations of interparticle interaction φ(r) and distribution function g(r) that will yield the same internal energy u and isobaric density-temperature relation. In this section we present a selection of such potential tails. Table 1 lists the parameters that determine the shape of the potential tails of six cases of φ 1 (r) − φ 6 (r). We refer hereafter to a liquid model with tail φ i (r) simply as "Model i" (i = 1 − 6). The tails are shown in Supplementary Figure 1 by blue, red, orange, purple, black, and dashed lines, respectively, and are all found to have much different shapes.
Numerical solution of (20) for a model with the initial condition and the boundary conditions have been determined on a density grid ρ for ρ ≤ ρ 0 and a temperature grid β for β ≤ β f . To accurately locate the critical point, β is decreased when approaching the critical point and then increased back to the initial value. The critical point (ρ c , β c ) is located by the vanishing of the inverse compressibility χ red −1 . Henceforth we express physical quantities at the critical point by the subscript c. At subcritical temperatures the region enclosed by the spinodal is excluded. In the present paper, we focus our study on the thermodynamic properties of water in liquid phases. The parameters used in the numerical computations are listed in Table 2 . Supplementary Figure 2 shows the density-temperature relations at 1 bar obtained by using Models 1−5 (blue, red, orange, purple, and black full circles, respectively). It is found that Models 1, 2, 4, and 5 produce nearly the same density-temperature relation, which reproduces the experimentally measured data at 1 bar (open circles [33] ) in the wide temperature range of −20 < T( o C) < 100 much better than previous models (e.g., Figure 4 in [8] ). In contrast, the density-temperature curve for Model 3 shown by the full orange circles reproduces relatively well the experimental data at lower temperatures, although it is worse for higher temperatures. Those results will help us to obtain a more optimum potential between water molecules that reproduces the experimental density at any temperature.
We expect that much more potential functions with shapes different from those presented here will be found in upcoming years that will reproduce the same thermodynamic properties as liquid water. These will help us to understand the reasons why solid water has polymorphic structures and liquid water has many anomalous properties.
A NEW SIMPLE TECHNIQUE OF FITTING BY MULTI-YUKAWA TERMS
In the present paper, we have used the SCOZA to estimate the interparticle interactions between water molecules. We can take advantage of the known analytic properties of the solution of the OZ equation for the case in which the potential tail is given by n z n a n n z n a n n z n a n n z n a n n z n a n n z n a n multi-Yukawa terms [29, 30] or a screened power series (SPS) [28] under the mean spherical approximation (MSA). The SCOZA is applicable to fluids with a large variety of smooth potential functions because they may be fitted with high accuracy by multi-Yukawa terms or SPS. The fitting accuracy can be improved by increasing the Yukawa terms or the number of z in the case of multi-Yukawa terms, but the computation time will increase drastically. It would take a few days, a few months, or a few years to mimic any smooth potential by five, six, or seven Yukawa terms, respectively. On the contrary, an SPS fit can greatly reduce the computation time it takes to attain the same accuracy as that by a conventional Yukawa fit [28] . However, the computer program required for the SCOZA with SPS tails is much more complicated than with multi-Yukawa tails. Here we present a new simple fitting technique that makes the SCOZA much easier to operate than by using a conventional Yukawa fit.
In the case of Model 5, we have used a Lennard-Jones-like function given by
where n = 4.3, m = 4, γ = 1.537, andε = 37.595 as a helpful lead to finding a model that quantitatively reproduces sufficiently well the density anomaly of liquid water. The function φ 5 (σ u r) is fitted to a high accuracy by three Yukawa terms by using the fitting technique described in Yasutomi [28] . The parameters a n and z n are listed in Table 1 . The computer time is about 30 min. We present here a new simple fitting technique by multiYukawa terms. First, we determine the shape of the potential tail so that it is expected to reproduce the experimental density anomaly of liquid water. The tail is divided into parts in the radial direction, and each part is expressed by a polynomial or other function. Each approximate tail φ i (r) is fitted by the following multi-Yukawa terms:
where z n = (n − 1)z 2 for n > 2. We can easily obtain the optimum z 2 by using the method described in Yasutomi [28] . In this way, we can obtain a tail given by multi-Yukawa terms in a few minutes of computer time almost independently of N, and it makes the application of the SCOZA to any liquid much easier than a conventional Yukawa fit.
SUMMARY AND DISCUSSION
We have determined several pair interactions between water molecules. All of them reproduce the experimental density anomaly at 1 bar with better accuracy than other models available in the literature. There will be numerous other such pair interactions discovered in the near future. These will help us to understand the reasons why solid water has polymorphic structures and why liquid water has a number of anomalies. We have considered a liquid of spherical particles with a pair potential given by a hard-core repulsion and a tail. The tail is composed of a soft repulsion and an attraction and is given by multi-Yukawa terms. We have presented a new simple fitting method to any smooth function by multi-Yukawa terms. The new scheme makes the application of the SCOZA to any type of liquid much easier compared to a conventional Yukawa fit. This new SCOZA technique is one of the most useful methods for determining the pair interaction between molecules of any liquid, and the potential will help to improve realistic models.
We have assumed here that the interparticle interaction is independent of density and temperature, but the effect by the surrounding water molecules on the relative positions and physical states of the oxygen nucleus, two hydrogen nuclei, and ten electrons constituting a water molecule depends on the density and temperature. Therefore, such effects should be taken into consideration to optimize the interparticle interactions between molecules.
Finally we discuss what thermodynamic mechanism induces the density anomaly, which has been long studied by different authors with numerous ideas put forward [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . However, it has also been long pointed out that these ideas tell us nothing about what causes the negative thermal expansion at temperatures below 4 • C. For example, one claim is that the tetrahedral structure of ice causes the density anomaly, but there is no evidence for this. As a counter analogy, consider a folding umbrella. To open or close it, one pushes or pulls the base of the frame with hand power. The frame itself has no power to open or close itself without human intervention. In the case of the umbrella, the direct cause of its expansion and contraction is human hand power and not the frame itself. To clarify the thermodynamic mechanism that causes the density anomaly, it is necessary to find the power that acts as an attractive force to condense water at temperatures above 4 • C, but acts as a repulsive force to expand water below 4 • C with reducing temperature. Such a force (hereafter referred to for simplicity as the "anomaly force") is the immediate cause of the density anomaly of liquid water. It is difficult to imagine how the tetrahedral structure could have an "anomaly force"analogous with the case of the folding umbrella.
Another suggestion is that hydrogen bonding causes the density anomaly. However, hydrogen bonding is attractive at any temperature and has the tendency to reduce the distance between molecules in thermodynamic equilibrium to condense liquid water. Therefore, it is difficult to consider how hydrogen bonding could turn into a repulsive force below 4 • C to cause negative thermal expansion.
Regarding the network or clathrate models [8] [9] [10] [11] [12] , even though it may be plausible that isolated water molecules go into cavities as the temperature lowers to cause liquid water to condense, the models tell us nothing about what makes isolated water molecules leave the filled cavities at temperatures below 4 • C with reducing temperature to induce negative expansion.
Lactic acid was long believed to be the substance that causes muscle fatigue because it increases with fatigue, but lactic acid was recently found to be a substance that assists in recovery from fatigue. It is now known that active oxygen is the substance responsible for fatigue. Similarly, it cannot be claimed that the density anomaly is caused by some phenomenon just because it accompanies the density anomaly. We can apply this principle to almost every idea put forward until now.
A large number of numerical simulations using realistic models have been performed by many different authors with the goal of understanding the physics underlying the density anomaly of liquid water. However, these studies tell us little about what induces the anomaly because it is impossible to extract the essential effects that induce the anomaly from the numerous miscellaneous effects included in the models. We believe that we have succeeded in constructing a model that includes only the essential effects that cause the density anomaly and in finding the "anomaly force". Our next paper is in preparation.
